Let B 1 , B 2 be a pair of Banach spaces and T be a vector valued martingale transform (with respect to general filtration) which maps B 1 -valued martingales into B 2 -valued martingales. Then, the following statements are equivalent:
Introduction and preliminaries
It is undeniable that in the last 40 years martingale theory and harmonic analysis have been inspired and influenced by each other, and that, in particular, this has lead to a parallel development of both fields. Of course, many examples of this parallelism could be pointed out. But, as the closest to our aims, we would like to mention the shared concepts of Hardy spaces H 1 and the space of bounded mean oscillation BMO (see [11] for the probabilistic part). Mainly from the works of Burkholder and Bourgain (see [7] and [4] ), martingale transforms in probability and the Hilbert transform in harmonic analysis clearly play similar roles. Also in connection with the vector-valued Calderón-Zygmund operator theory in harmonic analysis, in [14] this similarity was further developed for vector-valued martingale transforms. It was shown that this theory has the added interest of providing some applications to the geometry of Banach spaces, as well as to classical operators in probability. But the theory developed in [14] deals only with L p -bounded martingale transforms. The purpose of this paper is, on one hand, to complete that work with the study of their boundedness properties in the extreme cases H 1 and BMO, and on the other hand, the analysis of the structure of H 1 B itself for a given Banach space B, and its relationship with the geometric properties of the space B.
At this point, we should fix some notation. Let . ; ; P/ be a probability space carrying a stochastic basis { n } n≥1 (that is, a nondecreasing sequence of sub-¦ -fields of ). Given a Banach space B, a sequence f = { f n } n≥1 of B-valued random variables is a B-valued martingale relative to { n }, if each function f n is n -measurable (that is, it is an adapted sequence), integrable and E n . f n+1 / = E. f n+1 | n / = f n , for every n ≥ 1. We assume f 0 = 0 and denote by E n the operator defined as the conditional expectation to the sub-¦ -field n . In particular, f n = n k=1 d k f , where d k f are the 'increments' of the martingale f , that is,
is finite. For a detailed background on B-valued martingales the reader is referred to [9] .
The scalar-valued classical theory of Hardy spaces of martingales is nowadays well known, see [11, 17] . Several generalizations of these spaces have been studied, for example Hardy spaces associated to certain martingale operators, as in [18] and the references therein, where also their duals are characterized. Given a Banach space B, H 1 B is defined as the space of martingales such that f * L 1 < ∞ where f * stands for Doob's maximal operator, f * .!/ = sup n≥1 f n .!/ B . Note that, since the sequence { f n B } is a positive submartingale, the so-called Doob's inequalities (see [10] ) extend to the vector-valued setting, and we have
; for every p > 1:
As far as we know, in the vector-valued context, the theory of Hardy spaces has been developed only in particular cases, either for martingales of the form f n = E n . f / for some function f , see [12] , or for regular stochastic basis, see [5] . Our goal is to study the structure of H 1 B spaces without assuming any condition on the underlying stochastic basis. The main results in this part of our work relate the properties of this space to the geometric properties of the space B: we find that B enjoys the RadonNikodým property if and only if H 1 B has nice atomic decompositions and if and only if the set of martingales with a finite number of non-zero differences (Definition 2.4) is dense in H 1 B (Theorem 2.5). Related analytic results can be found in [2] and [3] . We recall that a Banach space B has Radon-Nikodým property if for any ¦ -additive, absolutely continuous set function G : → B of bounded total variation with respect
(see [3] Martingale transforms on extreme points 209 [9] for more details). In [7] , Burkholder studied the class of Banach spaces B for which there exists p, 1 < p < ∞, such that
for all B-valued martingale difference sequences d 1 f; d 2 f; : : : , all numbers " 1 ; " 2 ; : : : in {−1; 1}, and all n > 1 with a constant C p only depending on p. He called UMD the class of Banach spaces which satisfy this property. The martingale g = {g n } given by g n = n k=1 " k d k f , is called the martingale transform of the martingale f = { f n }. We shall deal with vector-valued martingale transform operators, defined by sequences of operator-valued random variables {v n }, instead of Burkholder's scalar-
. We proved in [14] that for a martingale transform operator T as above the knowledge of the boundedness of the martingale transform operator in some fixed level, say, strong p with p > 1, is equivalent to the boundedness of the rest of the levels, and in particular to the
Our aim in this part of our work is to show that the philosophy behind this result (the knowledge of the boundedness at a certain level is equivalent to know the boundedness at the rest of the levels) can be extended to BMO and H 1 spaces. In Theorem 3.4 it is proved that the martingale transform operators T which are bounded at some level 
It is interesting to point out that as an intermediate step in the proof of that theorem, the boundedness of Doob's maximal function between BMO spaces is proved in Lemma 3.5. This can be considered as the probabilistic version of the result for Hardy-Littlewood maximal operator established in [1] . We give an example of a function f whose maximal is in BMO but f is not in BMO (see Example 3.6) , that, in particular, shows that the BMO norms of f and f * are not equivalent. Finally we present some applications. A Banach space B is said to be of martingale
with C a constant only depending on q. This property was introduced by Pisier, see [15] and [16] . In [19] it is proved that this property can be characterized in terms of some inequalities involving the Lusin area function. By identifying S q with the maximal of a`q-valued martingale transform operator, see Subsection 4.1, we can apply the results in Section 3 and evaluate the behaviour of S q in the extremes p = 1 and p = ∞. The ideas in that section yield a new characterization of the martingale cotype q. In fact, we prove that for a Banach space B, having martingale cotype q is equivalent either to the fact that S q maps L ∞ B into BMO, S q maps BMO into BMO, or S q maps H 1 into L 1 boundedly. See also [13] for related results.
With a similar reasoning to the one developed for S q , in Theorem 4.2 we prove a characterization of UMD spaces as the ones in which signs martingale transforms are either L ∞ -BMO or BMO-BMO bounded. See Section 4.2 for the details. The organization of the paper is as follows: in Section 2 the general theory of Hardy spaces is developed. The results concerning boundedness of martingale transform operators are collected in Section 3, and the applications are given in Section 4.
Hardy spaces. Radon-Nikodým property
Analogously to the scalar case, see [11] and [17] , we define the following spaces of B-valued martingales. Given p, 1 ≤ p < ∞, and a Banach space B, The Hardy space H p B is the space of martingales = inf ½ ½ * p , where ½ runs over all admissible controls for f . In particular, if we take 
as a consequence of the following well known result due to Davis (see [17] ) in the scalar-valued case. The proof in the vector-valued setting is straightforward. 
Let us recall that a stopping time related to a stochastic basis { n } is a function ¹ :
→ AE∪{∞} with {¹ = n} ∈ n for all n ≥ 1. Given a martingale f , the martingale stopped at ¹ will be denoted by f ¹ , and is defined by .
A B-valued martingale a = {a n }, is said to be a p-atom, 1 ≤ p < ∞, if there exists a stopping time ¹ such that {¹≥n} a n = 0 for any n ≥ 1, and a *
The following lemma is a slight generalization of the scalar-valued case, see [17] . 
In the case p 
since, by using that
The proof follows now the lines of the scalar case, see [17] . In order to get the reciprocal for
and that the convergence is also in the space È 1 B , because
These computations were valid for any decomposition of f , therefore f È 1
On the other hand, by the first part of this lemma,
is equivalent to inf .i/ B has the Radon-Nikodým property.
PROOF. (ii) ⇒ (iii) is due to Lemma 2.3 and (iii) ⇒ (iv) is a consequence of Lemma 2.1. In order to prove (i) ⇒ (ii), observe that if B has the Radon-Nikodým property, all atoms a are of the form a n = E n .a/ (a ∈ L 1 B ), since a * ∈ L ∞ , see [8] . Now, assume (iv). In order to show that B has the Radon-Nikodým property, we shall see that any martingale with f * ∈ L ∞ converges almost surely (see [8] ). If f * ∈ L ∞ , by using Lemma 2.1 and the hypothesis we can write f = h + g with h ∈ 
B implies that
k / with {E n .a k /} being 1-atoms and {¼ k } ∈`1. By Lemma 2.3, the converge of that series is almost surely and in
converges in L 1 B , see [9] . Let N be such that for m; n > N we have
Hence, by adding and subtracting E n .g M / and E m .g M /, we get
If B has the Radon-Nikodým property, any f ∈ H [8, 9] ). Then, f n is an almost surely Cauchy sequence, that is, for almost every !, given " > 0 there exists N 0 = N 0 .!/ such that for all n; m > N 0 ,
In particular, sup n≥m f n .!/ − f m .!/ B < " for n; m > N 0 . This implies that {sup n≥m f n − f m B } m converges to 0 almost surely when m → ∞. Moreover, 
This shows (i) ⇒ (v). Conversely, if finite martingales are dense in H (see [8, 9] ). Given " > 0 let g be a finite martingale such that f − g H 1 B
< "=2. Since g is finite, there exists N such that g = .g 1 ; : : : ; g N ; g N ; : : : /. Then, with n; m > N , we have g N = g n = g m and
The former result shows that the density of finite martingales is related with the geometry of the underlying Banach space, and that in spaces enjoying the RadonNikodým property, finite martingales are a dense subclass of Hardy spaces. The following example shows that in general finite martingales are not dense in H 
Martingale transform operators
Given p, 1 ≤ p < ∞, and B a Banach space, analogously to the scalar case (see [11] ) we define the B-valued BMO function spaces, BMO 
are finite, see [5] . Also, define BD ∞;B as the space of martingales such that
is finite.
REMARK 3.1. In the scalar-valued case, the following facts are well known, see [11] and [17] . Their proofs go straightforward over the Banach-valued case.
where the supremum is taken over all n -stopping times ¹. Also, a function f ∈ L p , 1 ≤ p < ∞ is in BMO − p if and only if there exists an adapted process {Â n } n≥0 such that Â 0 = 0 and
The norm in all the spaces BMO − p is equivalent for any 1 ≤ p < ∞, although BMO p spaces are not equivalent in general, even in the regular case. DEFINITION 3.2. Let B 1 and B 2 be two Banach spaces, { n } n≥1 a stochastic basis in a probability space . ; ; P/, and f = { f n } a B 1 -valued martingale relative to { n }. Let {v n } be a sequence of Ä .B 1 ; B 2 /-valued random variables, each v n being n−1 -measurable, n ≥ 2, and v 1 being 1 -measurable, with sup n≥1 v n ∞ ≤ 1. Such a sequence v = {v n } will be called a multiplying sequence. The martingale given by .T f / n = n k=1 v k d k f is called the martingale transform of f by the multiplying sequence v. T will denote the martingale transform operator.
A martingale transform operator is L p -bounded if for some constant C and every
{¹≥k} d k f with ¹ a stopping time. Observe that { {¹≥k} } is a nice multiplying sequence and it verifies [9] ). Given such a martingale and a pair of indexes n > m, we consider the martingale 
Consider, for each k ≥ 0, the sequence of ¦ -algebras k n = k+n , n ≥ 1, and the martingale transform operatorT k with respect to them, defined by the multiplying sequence {ṽ 
is the space of all almost surely uniformly bounded B 1 -valued functions.
.
PROOF. In [14] we proved that statements (vii) and (viii) are equivalent. The rest of the proof will be developed as follows: first we will prove (vii) ⇒ (vi) ⇒ (i) ⇒ (ii).
From (ii) we get (iii) and (iv) and from any of them we obtain (v). Last step will be proving (v) ⇒ (viii).
Suppose T is L p -bounded. Given an k n -martingalef = .f 1 ;f 2 ; : : : /, by defining f = .E 1 .f 1 /; : : : ; E k .f 1 /;f 1 ;f 2 ; : : : / we obtain a n -martingale associated tof
This shows (vii) ⇒ (vi) and in particular that everyT k is L p -bounded with respect to the corresponding stochastic basis, with the same constant than T , independent of k. By using this, it is enough to prove all the implications (except (v) ⇒ (viii)) just for a martingale transform operator T and check that the constants in statements (i)-(v) depend only on p and the L p -boundedness constant of T . Next step consists in proving that a L p -bounded martingale transform operator T maps BMO p;B1 into BMO p;B2 boundedly. Consider f ∈ BMO p;B1 for some p,
In order to see that T f is in BMO p;B2 , we will use the characterization in Remark 3.1. Let ¹ be a stopping time. We have
and for each pair n > k,
where the sequence with zeros in the first k coordinates .0; : : : ; 0; d k+1 f {¹=k} ; d k+2 f {¹=k} ; : : : / is h's martingale differences. Since T is L p -bounded, the conditional expectation properties give
and therefore 
surely. This, together with Remark 3.1 and (i), gives us (ii). The implications (iii) ⇒ (ii) and (iv) ⇒ (v) are consequences of Remark 3.1, and (iv) ⇒ (ii) and (iii) ⇒ (v) are due to the following lemma, whose proof will be given later.
Finally, we shall see that ifT k verify (v) for any k ≥ 0 with a constant independent of k, then T is bounded in H 1 . Observe that it is enough to prove H 1 -boundedness for finite martingales, since
where f n = . f 1 ; f 2 ; : : : ; f n ; f n ; : : : /. Given a finite f = . 
. By the proof of Lemma 2.3, the 1-atoms of the decomposition of g are defined as a
/ where ¹ k+1 and ¹ k were certain stopping times. Due to the L p -boundedness of stopped martingales (1) , that g n = E n .g/ for certain g ∈ L 1 B1 and Lemma 3.3, we conclude that a
, for each k. Since the series converge almost surely, and each v k is a bounded lineal operator, we have .
It will be enough to prove then that .T a/ * L 1 are uniformly bounded when a is a 1-atom given by a function. For a a 1-atom, .T a/ * = .T a/ * {¹ =∞} for some stopping time ¹, and {¹=k} .T a/
The last step is using (v) (recall that the boundedness constant ofT * k is uniform in k) and that {¹ = k} ∈ k ⊂ k 1 , to get the desired inequality
A related version of this extreme point argument can be found in [18, Theorem 12] . Let us now proceed with the proof of the boundedness of Doob's maximal function between BMO spaces. PROOF OF LEMMA 3.5. Consider the martingale transform operator M given by the multiplying sequence {w k } k≥1 , where w k .x/ = .0; : : : ; 0; x; x; x; : : : / is an element of`∞ B with zeros in the first k − 1 coordinates, for any x ∈ B. Then for a B-valued martingale f = { f n } n≥1 Doob's inequality gives, for p > 1,
= . f 1 ; : : : ; f n ; f n ; : : : 
The converse to this lemma is not true in general, as it is shown by the following. 
:
Every Banach space is of M-cotype q = ∞. The definition is due to Pisier [15] . Non-trivial M-cotype q < ∞ is a geometrical property of the space, since it happens if and only if the space admits an equivalent uniformly convex norm (and therefore, in particular they are reflexive spaces), see [15, 16] We will see what happens in the extreme points p = 1 and p = ∞ by applying Theorem 3.4 to a particular martingale transform operator whose maximal is S q .
Define the`q B -valued martingale transform Q f = {.Q f / n } with multiplying sequence v k x = xe k , e k the k-th element of the canonical basis of`q B for any x ∈ B, in such a way that .Q f / n = 
